
 

Talk 2 Gradient RicciSoliton equationand

consequences

The GRSequation is

Rij Fix f 1Gj
0 shrinking 7 0

steady 20
expanding

f is called the potentialfunction
We expect relations b w geometryofg and propertiesof f
Lemma Suppose Mg tif is a GRS and Mig Eo M g x

M g Then forany see ME MT g f x is a GRS w

f M IR is the restriction of f to 177 x v21 E M

i e if a GRS is a metricproduct then it is aproductof GRSs
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Tracing gives

R Δf

Divergenceof gives

F Rij F Tiff 0

1xj̅R x ̅ Tj Tif o Xjr Tj Tiff R jim f o

FjR Nj Af RjmTmf 0

Ijr Tj 1 R RjmImf 0

2RjmImf TjR or TR 2Ric Ff

Tf TR 2Ric Tf Tf

Also from 2RjmIMF TjR weget
2 9jm TjTmf Imf GR

dYjf 2 x ̅ Tmf Tmf D R

Tjk 14 12 f 0

8 we get the following fundamentalandimportant identity
obtainedby Hamilton

R 17ft if Constant



If D II then adding a constant to the potentialfunction f we

may assume C 0

R 17ft Nf for shrinking or expandingGrs

for 1 0 by scaling the metric wemayassume 1 so

R 17512 1 forsteadies

Def Bakry EmoryRiccitensor The Bakery EmeryRici tensoror

the f Riccitensor is definedas

Rief Rie Ff
So the GRS becomes Risf 12g

Def The f Laplacian is givenby
Δy Δ If

This is the naturalLaplacianforcomputation regarding GRS

note that if α β M IR there

type tdm f24ps BYf e fare

f Fip Ti e f due S α Ptfe fare



f tip Fix e fare fair Fife Fda
12 Ip Ife tdm

f Ip 42 e 7dm SpΔfαe tdre

Δf is formallyselfadjoint on 1 e fda

We alsohave the following 3cases

1 if Mg d f is a shrinking GRS then
R f f REF

Also Δff Δf Tf If Of 17 12 12 f

f is an eigenfunction of Δf w eigenvalue 1

For non Ricci flat steady GRS Rt 14 12 I

REI and Δ f 1

For expanding GRS R ITf1 f R f

and Aff f



Sharp lowerbounds forthescalarcurvature
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Sharp R boundsforGRS if MNg X d is a completeRiccisoliton

then a R 20 if 1 0

b R if 1 0

moreover ifequalityholdsat any point M then Mg isEinstein if
I 0 and the shrinker is gradient i e X Tf then if R 0 at

some pointthen MNg f is a Gaussian stinker

Cor potentialfunctionestimates for Mng f t GRS w peM

1 on a shrinking GRS w d d

1TH f R f Δ f and 15in 15 P Idenp
where denip Riemannian distance b w x andp

If OfM is a pointwhere f attains its minima such a

pointalwaysexistby a result to beseen later then 0 R10 7107 1
and fin demo jan



2 on a steady ars 1 0

IFF12 1 R 1 4f 0 and fin f b denip

3 On an expanding GRS 1 1

IF
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1 1 47 0 and FI FI dmip
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Proof 8 R Δf 12 if 1 1 RIO

Δf 1
Afestimate

if 1 0 R 0 Δf 0

if 1 R so 4 0

now R ITfIE If for 1 1 R

and R 1Ff1E for 1 0 R 1

Hflestimate
Similarly for 1 1 RIO 17712 f

1 0 RIO 1517141

1 1 R 11 we get 1771 F R
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now let's lookat the shrinking solitoncase R 0 0117712 f

or TIF whenever f 0 Iis Lipschitz bounded

derivative Lipschitz and
for f 0 thestatementis obviously

true

JI JIN 1 dinip

Jfint 1dm p JFI

now suppose f attains its minima at o M Then

flo R10 1771210 0

Δyflo 1 flu of 101

above inequality w 1 0 guier
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for steadyGRS I f1 1 Lipschitz If ul f1171 damp

Similarlyforthe expandingcase


